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[A Digeat/

The firal reau'4s of ihls study mey be summarized es followu:

i, The ponzeso matrix elements of tho Feuxler compouents of d.enéity egual ke
Zollowing: ’

) {dydn; n& 1 = (&,p/20) ¢ (n+1) )% + exp-iwt and
(d;)n, n-1 = ( (d5p/2c) - n)é * exp-vit.
Hewe 1s Bhde density of He-II in conmwction with momentum p; ﬁ is the number
of of momentmm p; ¢ 18 the sonic velocity in He-1I; and w is the cyclic
freguency connected vikh the guanium relation w = cp/h (h here is Planck's bar-h!_.

2. The effectlve crowss section cf soqdtoring of phonon, dy phonon, as c.a\l-‘f‘
sulated By the DOFfurbdasion meshod; equals:

sigra (9, ¥1) ° 6.0 10719 .(xT)k.
Here x ia momentum expressed in wniks of kT/c co that p, = x(kT/c).
= 18 the absoiute kemperature aud k 1s Bolizmann's comse¥an%. XAlao, initial p 18
assumed to be much emaller theau colliding pq.

3, The effecwive cross seckticn of ccattering of phencn by roten equals:

sigsa (phcnom, roton) = 7 - 10719 (u:T)l‘.
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k.  The Affnntiva. erass saction af acattering of raton'hy roton saquals:

sigma {r, r) = 5 - 10°35/1%,

Here i1t was essumed that the mean velocity (V) of the rotone is rslated to maes
(m) thus: p = m¥ * (2/3.14) * (kT/9}

The abovs four theoreticel results were derived separately after following a
rathematical course of reesoning, which 18 given below for each of the four in en
abbreviated manner:

l. The snergy spectrum of He-IIl is not lmovn ezactly, but it is known that the

anavse W 4a o Vdnean Funatian AF momentnw 1 near tha amdsdn onfd ag 2 misde ~d
Surzy S 12 8 llnoay Tuncilin oI momeny ' neay the orligin =nd qsag o minds

p * P, saay. This reasoning la accor:lin;_t; W, Keesom ;md McWood Phyeica“‘):,*';}’{,
1938) end L, Landau {J. of Phys. 11, 91, 1941),

Near the wminimunm,  1s expressed 88 & quedrinomial in rising powers of
p2 with fouwr unknown coefficionts, vhich are easily determined from E being llnear
in p neax p T O and having a minlmum near p = Py, as Just mentioned. Then the
gquare root of E2 is extracted end the first two .erms only kept, which tura ocut
%0 be p and p> except Fur expension-coefflcients,

The dernalty and 7elocity of He-II ave expresssd as Fourler series and their
commutatos 13 formed and equeted to (/i) grad {dslte-fuaction). Then the commutetive
relations of the Fcurier components are cbtained, after expending the deita-function
in e ccaplex Fowrie: serles.

2. First, the Hamiltorian (enerxy) per unlt volums of He-II is sxprassed in |
two terms, kinetlic and potentiel. Ther the Hamiltonlan is expended isto its un-
parturbed and periurbed perts expressed in terms of denoity deviations d'—d and
sonlc velocity ¢ and v,
The slx intermediate stetes, I1~-VI, of phonon momenta are listed and the

matrix element of transition 1s fourd. The energy differences of the initisl aud
Intermedicte states are expressed.

Finally, the differential cross section for four-phonon scattering is sst
up in terme of the matrix element of transition ard the delta-function of snergies,
multiplied by the differential phase-volume of momenta in an orthogonal sy2 sysiem.

The total croes section is too complicated to calculate. Therefore, it is
assumed for siwplicity that cne of the mamenta of the colliding phonona is anits
amall in oomparison to the acattered phonons' momenta, which simplifies the matrix

. slemsnt of tremsitiop in the differentiali formula for cross ssection. Ths differ-
ential crose ssction 1s trenaformed into poler form end Integretsd over the phase
volume of momentum and then averaged over all argles formsd by momente.

Finally, sigma (p, py) 18 expressed litsrally in tgms of a dimensionlsss
perameter u equal to d°/¢ times the partial derivative of ¢“ with respect to den-
sity 4 and momentum pj (colliding). The quentity u 1s calculated from Keesom'e
deta for density versus pressure (Helium, Dlsevier, 1942), and the phonon momentum
p 1s subjoct to Bose's statistics; thus giving the final temperature relationship.

%. The Hamiltonlan H of the pkonon-roton system 18 c¢Xpressed as the sum of

the phonon enprgy, roton snergy, and the interaction energy bstwean phonon and roton.
The rotcn is tresatsad as particle in a phonon field.

The Bermitian operator is formed from the roton-vector momentwn and the

velonity of the medium {(the density is assumed to fluctaate with emall oceailla-
tions). The interaction ensrgy end dsnsity are reluted by expanding the rotca
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snergy in & pover soxiss im she 2svistlon of dsasity Irsx it sgullidbrium 7alus and
saving only second-order terms.

The Hamiltonlan ie nov finelly atudisd by the psriurbation method. The

mdnm dem b A
e

various partiel derivatives with respect to deneity, now in H;, are found from ex-
porimental data. The final Buleriar equation rslates velocity v and densivy 4;
the equation is manipulated to obteln v and & seperately es time functions,

Kexs, the probebility of transition of & roton of mosntum P %0 & roton of
momsntum P' is determined, with the two Iintermediate states and energy differsnces.
The matrix slemsnt of tranaition is formed end she differential cromss seotion of |
scatiering, phonon by roiom, 1s set up and solvad by integration over all engleer of
soatser.

Inaerting aumerical values for mess m, veloclty c, densisy dn, momentur P o?
and coeflicients deiwmined in 1, and considering the phomons and rovous as & mix- .
turs of 1éeel gases, one finaily odbteins the temperature function of cross ssctionm.

4, The exsct roton-roscn Interacsion 1s couplesely wnknown, bus the probability
of ssastering of roton by roton can be calsulated by the poxrsurbasion method. The
. energy of roton-roton interaction is considered as the delta-function of the dis-
tance basween the rotons. Ths provability of sransition of rotons from the intsial
state vith momensa P and Py to the final siste with momente P' and P'y 1is given by
the perturbation theory as: ihe differsrntial of probabllity sguala 'd]ia squary of
the matrix elemant of tha intersntion energy timss the ulu-i‘unation of ensrgy “imes
the differential phase -volums of scattered momenta,

The wvave functions of she rotons 1s se% up and gives the matrix element of
dramsition, The A1ffovantdal prohabilisy nov hew o ziuplified fowm, Pinally  he

1otal effsctira croas section of acastsrmg of rotor oy roton 1s ronnd by integrat-
ing the Jdifferentiai probability over the phase-voiume of scajtersd particles.

5. In a fature pudblication the fianal resulis, giving croms scctions of scat-

tering, vill be ussd to rind the tempsrature functicn of vincosity, the ultimats
purpods of thie work.
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